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The spectral form of the blackbody radiation was derived ﬁrstly
by Planck. The original Planck derivation of the blackbody radiation
was based on the relation between the entropy of the system and
the internal energy of the blackbody denoted by Planck as U.
While from the postulation of the relation
d2S
dU2
¼  const
U
; ð1Þ
the Wien law follows, the a priori generalization of Eq. (1) gives new
physics. The generalization of Eq. (1) to be in harmony with black-
body thermodynamics was postulated by Planck in the following
form:
d2S
dU2
¼  k
Uðeþ UÞ ; ð2Þ
where e has the dimensionality of energy, k is the Boltzmann con-
stant, and formula (2) is the approximation of the more general for-
mula d2S=dU2 ¼ a=PnanUn leading to exotic statistics.
The ﬁrst integration of Eq. (2) can be performed using the
integralZ
dx
xðaþ bxÞ ¼ 
1
a
ln
a
x
þ b
 : ð3ÞAfter integration we get the following result:
1
T
¼ dS
dU
¼ k
e
ln
e
U
þ 1
 
: ð4Þ
The solution of Eq. (4) is
U ¼ e
ee=kT  1 : ð5Þ
The general validity of the Wien law
dS
dU
¼ 1
m
f
U
m
 
; ð6Þ
confronted with Eq. (4) gives the famous Planck formula e = hm.
The next step of Planck was to ﬁnd the appropriate physical sta-
tistical system (heuristic model) which led to the correct power
spectrum of the blackbody. This model was the thermal reservoir
of the independent electromagnetic oscillators with the discrete
energies e = hm.
The Planck distribution was derived in 1900 [1,2]. The Planck
heuristic derivation was based on the investigation of the statistics
of the system of oscillators. Later Einstein [3] derived the Planck
formula from the Bohr model of atom. Bohr created two postulates
which deﬁne the model of atom: (1) every atom can exist in the
discrete series of states in which electrons do not radiate even if
they are moving at acceleration (the postulate of the stationary
states), (2) transiting electron from the stationary state to other,
emits the energy according to the law ⁄x = Em  En, called the Bohr
formula, where Em is the energy of an electron in the initial state,
and En is the energy of the ﬁnal state of an electron to which the
transition is made and Em > En.
Einstein introduced coefﬁcients of spontaneous and stimulated
emission Amn;Bmn;Bnm. In case of spontaneous emission, the excited
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natural radioactivity decay. Later, quantum theory explained rigor-
ously the process of spontaneous emission. The energy of the emit-
ted photon is given by the Bohr formula. In the process of the
stimulated emission the atom is induced by the external stimulus
to make the same transition. The external stimulus is a black body
photon that has an energy given by the Bohr formula.
The Planck power spectral formula is as follows:
PðxÞdx ¼ hxGðxÞ dx
exp hxkBT  1
; GðxÞ ¼ x
2
p2c3
; ð7Þ
where ⁄x is the energy of a blackbody photon and G(x) is the num-
ber of electromagnetic modes inside of the blackbody, k is the Boltz-
mann constant, c is the velocity of light, T is the absolute
temperature.
The internal density energy of the blackbody gas is given by
integration of the last equation over all frequencies x, or
u ¼
Z 1
0
PðxÞdx ¼ aT4; a ¼ p
2k4
15h3c3
: ð8Þ2. The speed of sound in the blackbody photon gas
In order to understand the the derivation of speed of sound in
gas and in the relic photon sea, we start with the derivation of
the speed of sound in the real elastic rod.
Let A be the cross-section of the element Adx of a rod, where dx
is the linear inﬁnitesimal length on the abscissa x. The u(x, t) let be
deﬂection of the element Adx at point x at time t. The shift of the
element Adx at point x + dx is evidently
uþ @u
@x
dx: ð9Þ
The relative prolongation is evidently @ u(x, t)/@x. The differen-
tial equation of motion of the rod can be derived by the following
obligate way. We suppose that the force tension F(x, t) acting on the
element Adx of the rod is given by the Hook law:
Fðx; tÞ ¼ EA @u
@x
; ð10Þ
where E is the Young modulus of elasticity and A is the cross section
of the rod. We easily derive that
Fðxþ dxÞ  FðxÞ  EA @
2u
@x2
dx; ð11Þ
The mass of the element Adx is .Adx, where . is the mass den-
sity of the rod and the dynamical equilibrium is expressed by the
Newton law of force:
.Adxutt ¼ EAuxxdx; ð12Þ
or,
utt  v2uxx ¼ 0; ð13Þ
where
v ¼ E
.
 1=2
; ð14Þ
is the velocity of sound in the rod.
The complete solution of Eq. (13) includes the initial and
boundary conditions. We suppose that the velocity law (14) involv-
ing modulus of elasticity and mass density is valid also for gas
intercalated in the rigid cylinder tube. According to the deﬁnition
of the Young modulus of elasticity where (DL/L) is the relative pro-
longation of a rod, we have as an analog for the tube of gas DV/V,
F? Dp, where V is the volume of a gas and p is pressure of a gas.Then, the modulus of elasticity is deﬁned as the analog of Eq.
(10). Or,
E ¼  dp
dV
V : ð15Þ
The process of the sound spreading in ideal gas is the adiabatic
thermodynamic process with no heat exchange. We use it later as a
model of the sound spreading in the gas of blackbody photons.
Such process is described by the thermodynamical equation
pVj ¼ const; ð16Þ
where j is the Poisson constant deﬁned as j = cp/cv, with cp,cv being
the speciﬁc heat under constant pressure and under constant
volume.
After differentiation of Eq. (16) we get the following equation
dpVj þ jVj1dV ¼ 0; ð17Þ
or,
dp
dV
¼ j p
V
: ð18Þ
After inserting of Eq. (18) into Eq. (15), we get from Eq. (14) for the
velocity of sound in gas the so called Newton–Laplace formula:
v ¼
ﬃﬃﬃﬃﬃﬃﬃ
j
p
.
r
; ð19Þ
where . is the mass density of gas.
The density of the equilibrium radiation is given by the Stefan–
Boltzmann formula
u ¼ aT4; a ¼ 7;5657:1016 J
K4m3
: ð20Þ
Then, with regard to the thermodynamic deﬁnition of the speciﬁc
heat
cv ¼ @u
@T
 
V
¼ 4aT3: ð21Þ
Similarly, with regard to the general thermodynamic theory
cp ¼ cv þ @u
@V
 
T
þ p
 	
@V
@T
 
p
¼ cv ; ð22Þ
because @V
@T

 
T
¼ 0 for photon gas and in such a way, j = 1 for photon
gas. According to the theory of relativity, there is simple equiva-
lence between mass and energy. Namely, m = E/c2. At the same
time, there is relation between pressure and the internal energy
of the blackbody gas following from the electromagnetic theory of
light p = u/3. So, in our case
. ¼ u=c2 ¼ aT
4
c2
; p ¼ u
3
: ð23Þ
So, after insertion of formulas in Eq. (23) into Eq. (19), we get
the ﬁnal formula for the velocity of sound in three photon sea of
the blackbody as follows:
v ¼ c
ﬃﬃﬃ
j
3
r
¼ c
3
ﬃﬃﬃ
3
p
; ð24Þ
which is the result derived by Partovi [4] using the QED theory ap-
plied to the photon gas. No energy signal can move with velocity
greater than the speed of light. And we correctly derived v/c < 1.
So, we have seen in this section, that using the classical thermo-
dynamical model of sound in the classical gas we can easily derive
some properties of the black body gas, namely the velocity of
sound in it and in the relic photon sea. It is not excluded that the
relic sound can be detected by the special microphones of Bell lab-
oratories. Let us still remark that if we use van der Waals equation
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tained results will be modiﬁed with regard to the basic results.
3. The n-dimensional blackbody
The problem of the n-dimensional blackbody is related to the
dimensionality of space and some ideas on the dimensionality of
space was also mentioned by author [5]. The experimental facts
following from QED experiments, galaxy formation and formation
of the molecules DNA, prove that the external space is three-
dimensional. With regard to the Russell philosophy of mathemat-
ics, there is no possibility to prove the dimensionality of space, or,
space-time, by means of pure mathematics, because the state-
ments of mathematics are non-existential. The existence of the
external world cannot be also proved by pure mathematics. How-
ever, if there is an axiomatic system related adequately to the
external world and reﬂecting correctly the external world, then,
it is possible to do many predictions on the external world by
pure logic. This is the substance of exact sciences. We know for
instance that the success of special theory of relativity is based
on the adequate axiomatic system and on logic. In case of the
n-dimensional blackbody, the number of modes can be deter-
mined [6]. We use here alternative and elementary derivation.
In case we consider instead of the three-dimensional blackbody
the n-dimensional blackbody, the photon energy is deﬁned by
the same manner and at the same time the statistical factor is
the same as in the three-dimensional case. Only number of the
electromagnetic modes G(x) depends on dimensionality of space.
We determine in this article the Planck blackbody law for the
n-dimensional space.
The blackbody radiation is composed from the electromagnetic
waves corresponding to photons in such a way that every mono-
chromatic wave is of the form: Al = eleik xix t, where el is the
polarization amplitude. If we take the blackbody in the form of
cube with side L, then it is necessary to apply for the electromag-
netic wave the boundary conditions. It is well known that the
appropriate boundary conditions are so called periodic condition,
which means for instance for x-coordinate exp(ik10) = exp(ik1L) = 1,
fromwhich follows that only speciﬁc values of k1 correspond to the
boundary conditions, namely, k1 ¼ 2pN1L ; N1 ¼ 1;2;3; . . .. In case
that the electromagnetic ﬁeld is in a box of the volume Ln, the wave
vector k is quantized and the elementary volume in the k-space is
D0n ¼ 2pð Þn=Ln: ð25Þ
The elementary volume of the n-dimensional k-space is evidently
the volume d Vn between spheres with radius k and k + dk [7]:
dVn ¼ d 2p
n=2
nC n2

  kn
 !
¼ 2p
n=2
C n2

  kn1dk; ð26Þ
where C(n) is so called Euler gamma-function deﬁned in the inter-
net mathematics [8] (http://mathworld.wolfram.com/GammaFunc-
tion.html) as
CðxÞ ¼
Z 1
0
ettx1dt; Cðn=2Þ ¼ ðn 2Þ!!
ﬃﬃﬃ
p
p
2ðn1Þ=2
: ð27Þ
The number of electromagnetic modes involved inside the spheres
between k and k + dk is then, with x = ck, or k =x/c and dk = dx/c,
GnðxÞdx ¼ 2 dVnD0n ¼ 2
1
2ðn1Þ
1
C n2

  1
pn=2
Ln
xn1
cn
dx; ð28Þ
where isolated number 2 expresses the fact that light has 2
polarizations.
For the energetic spectrum of the Planck law of the n-dimen-
sional black body we havePnðxÞ ¼ hxGnðxÞ 1exp hxkT

  1
¼ 2 1
2ðn1Þ
1
C n2

  1
pn=2
h
xn
cn
1
exp hxkT

  1 : ð29Þ
The energy density of the radiation of the n-dimensional blackbody
is then
un ¼
Z 1
0
PnðxÞdx ¼ An
Z 1
0
xn
exp hxkT

  1dx;
An ¼ 1
2ðn1Þ
2h
cnpn=2
1
C n2

  : ð30Þ
The integral in the last formula can be evaluated using well-known
relations [9] (int. 860.39)Z 1
0
xp
eax  1dx ¼
Cðpþ 1Þfðpþ 1Þ
apþ1
¼ p!fðpþ 1Þ
apþ1
¼ p!
apþ1
1þ 1
2pþ1
þ 1
3pþ1
þ   
 	
; ð31Þ
where f(p) is so called Riemann f-function and a = ⁄/kT.
Let us test the n-dimensional Planck law and density radiation
in case of n = 1, 2, and 3.
P1ðxÞ ¼ 2 1Cð1=2Þ
1ﬃﬃﬃ
p
p hx
eð
hx
kT Þ  1
1
c
ð32Þ
P2ðxÞ ¼ 2 12
1
Cð2=2Þ
1
p
hx2
eð
hx
kT Þ  1
1
c2
ð33Þ
P3ðxÞ ¼ 2 14
1
Cð3=2Þ
1
p3=2
hx3
eð
hx
kT Þ  1
1
c3
; ð34Þ
and so on.
Let us remark, that P1 corresponds to the radiation of 1D black-
body and can be veriﬁed by long carbon nanotube at temperature
T. P2 corresponds to the radiation of 2D blackbody and can be ver-
iﬁed by the graphene sheet after some geometrical modiﬁcation. P4
and further formulas cannot be realized in the 3D space with the
adequate blackbody.
u1 ¼ A1
Z 1
0
x
eax  1 dx ¼ A1
kT
h
 2
1!fð2Þ ¼ A1 kT
h
 2 p2
6
;
A1 ¼ 2hcp1=2
1
C 12

  ð35Þ
u2 ¼ A2
Z 1
0
x2
eax  1 dx ¼ A2
kT
h
 3
2!fð3Þ ¼ A2 kT
h
 3
2 1;202;
A2 ¼ hc2p
1
C 1ð Þ ð36Þ
u3 ¼ A3
Z 1
0
x3
eax  1 dx ¼ A3
kT
h
 4
3!fð4Þ ¼ A3 kT
h
 4
6
p4
90
;
A3 ¼ h2c3p3=2
1
C 32

  ð37Þ
and so on, where we used tables of Dwight [9] with formulas
48.002, 48.003, 48.004 for f(2) = p2/6,f(3) = 1,2020569032,
f(4) = p4/90.
Let us remark that the formula (37) is identical with formula (8)
with regard to relation C(x + 1) = xC(x), or, C(3/2) = C(1/
2 + 1) = (1/2)C(1/2) = (1/2)p1/2, and it is the proof of the correct-
ness of derived formula u3.
4. Discussion
Our derivation of the light velocity in the blackbody photon gas
was based on the classical thermodynamical model with the adia-
batic process (dQ = 0), controlling the spreading of sound in the gas.
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rated many years later was able to give motivation for the formu-
lation of such problem. In other words, Einstein was not motivated
for such activity. Partovi [4] derived additional radiation correc-
tions to the Planck distribution formula and the additional correc-
tion to the speed of sound in the relic photon sea. His formula is of
the form:
v sound ¼ 1 88p
2a2
2025
T
Te
 4" # cﬃﬃﬃ
3
p ; ð38Þ
where a is the ﬁne structure constant and Te = 5.9 G K. We see that
our formula is the ﬁrst approximation in the Partovi expression.
There is rigorous statistical theory of transport of sound energy
in gas based on the Boltzmann equation [10]. After application of
Boltzmann equation to the photon gas, or, relic photon gas we
can expect the rigorous results with regard to the fact that the
cross-section of the photon–photon interaction is very small.
Namely, [11]:
rcc ¼ 4;7a4 cx
 2
; hx mc2; ð39Þ
and
rcc ¼ 97310125pa
2r2e
hx
mc2
 6
; hx mc2; ð40Þ
where re = e2/mc2 = 2,818  1013 cm is the classical radius of elec-
tron and a = e2/⁄c is the ﬁne structure constant with numerical va-
lue 1/a = 137,04.
No doubt, the solution of the Boltzmann equation gives the
existence of sound waves in the statistical system of particles.Serge Haroche [12] and his research group in the Paris micro-
wave laboratory used a small cavity between two mirrors about
three centimeter apart. Photon bounced back and forth inside in
this cavity. The mirrors were made from a superconductive mate-
rial at temperature just above absolute zero. The reﬂectivity was so
perfect that photon was conﬁned for almost tenth of a second be-
fore it was lost, or, absorbed. During the long life-time of photons
many quantum experiments were performed with the Ridberg
atoms. We consider here the blackbody with the gas of photons
(at temperature T) as the preambula for new experiments for the
determination of velocity of sound as the consequence of quantum
properties of the photon gas. It is not excluded, that the experi-
ment performed by well educated experimenters will be the Nob-
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